Abstract. The -3/2 power rule of self-thinning, which describes the course of growth and mortality in crowded, even-aged plant stands, predicts that average mass is related to plant density by a power equation with exponent -312. The rule is widely accepted as an empirical generalization and quantitative rule or law. Simple geometric models of space occupation by growing plants yield a power equation, but the exponent can differ from -3/2 when realistic assumptions about the allometric growth of plants are considered. Because such deviations conflict with the empirical evidence for the -3/2 value as a lawlike constant, the geometric models have not produced an accepted explanation and the thinning rule remains poorly understood.
The -3/2 power rule of self-thinning for crowded but actively growing even-aged plant populations predicts that average mass (a) and the number of plants per unit area (N) are related by a simple power equation = KN?, where y = -3/2 and K is a population constant (Yoda et al. 1963) . This relationship is accepted as a rule or law applying across the plant kingdom (Yoda et al. 1963 , White and Harper 1970 , Furnas 198 1, Hutchings and Budd 198 1, Westoby 198 1, 1984 and has been called the only law of plant ecology (Harper, as cited in Hutchings 1983) . If fully substantiated, the self-thinning rule could be the first basic law in the science of ecology (McIntosh 1980) . As a quantitative law, the thinning rule would have important scientific implications (Westoby 198 1, 1984) and potential applications as a research and management tool for plant populations (Yoda et al. 1963 , Drew and Flewelling 1977 , Westoby 198 1, 1984 .
Proposed explanations of the self-thinning rule have primarily been attempts to derive the power equation and -3/2 exponent from the geometry of space occupation by growing plants. Two basic geometric models that both yield power equations have been proposed. The isometric model (Yoda et al. 1963 ) directly gives the -3/2 exponent by assuming that growing plants do not change shape (isometric growth). The allometric model (Westoby 1976 , Mohler et al. 1978 , Miyanishi et al. 1979 , White 1981 recognizes that plants can change shape with increasing size (allometric growth), but predicts that thinning exponents will deviate from -3/2. The isometric model is unacceptable as a general explanation of the thinning rule because many species do not grow isometrically (Furnas 198 1, White 198 I) , while the allometric model has been criticized because it predicts significant departures from the -3/2 exponent that seem at odds with the empirical constancy 814 DONALD E. WELLER Ecology, Vol. 68, No. 4 of the -3/2 value (White 198 1) . With the apparent inadequacies of both geometric models, the underlying rationale of the self-thinning rule remains unclear (Hutchings and Budd 198 1, Westoby 198 1, 1984, Hutchings 1983) . Weller (1985 Weller ( , 1987 re-examined the evidence for the self-thinning rule and found that many data sets do support a power relationship of the form A = KN?, but the exponent y can differ from the accepted value of -3/2 (also see Sprugel 1984 , Zeide 1985 . This result revives the allometric model as a possible explanation for the self-thinning equation. I here review the derivation of the isometric and allometric models and extend the allometric model to predict how the thinning exponent should vary with the exponents of allometric equations relating frequently measured plant population parameters, such as average mass, height, bole diameter at breast height (DBH), and bole basal area (BA). I test the predictions of the allometric model by statistically evaluating the relationships between thinning and allometric exponents as estimated from published data for many populations of different plant species. Yoda et al. (1963) originally derived a geometric explanation of the self-thinning rule from two assumptions: plants of a given species maintain the same shape regardless of habitat, size, or age; and mortality occurs only when the total coverage of a plant stand exceeds the available area, then acts to maintain 100% cover. The first assumption allows the ground area covered by a plant ( a ) to be expressed mathematically as a power function of plant mass, a m", while the second assumption implies that the average area covered is inversely proportional to density, that is, ii rn l/N. Combining these equations with a constant of proportionality, K, gives the thinning rule equation.
Isometrzc model
White and Harper (1 970) and Whittington (1 984) present alternative derivations based on isometric models. In time-dynamic mathematical models of population growth and mortality, the assumption of isometric growth yields population trajectories in accordance with the -3/2 thinning rule (Aikman and Watkinson 1980 , Slatkin and Anderson 1984 , Weller 1985 .
Allometric model
Unfortunately, the assumption of invariant plant shape is not generally valid, so the simple explanation of Yoda et al. is unsatisfactory as a general explanation of the thinning rule (Westoby 1976, Furnas 198 1, White 198 1) . Miyanishi et al. (1979) proposed a more general explanation in their "generalized self-thinning law," which states that the thinning exponent depends on the proportionality between plant mass and ground area covered. This proposal can be stated mathematically by setting the area covered by a plant proportional to m2\ where 4 can vary from '/3 to reflect changes in shape with size (allometric growth). The thinning equation then becomes A = , and the thinning exponent equals -3/2 only if shape is truly invariant (isometric growth, 4 = Y3). Westoby (1976) , Mohler et al. (1978) , and White (198 1) present alternative allometric models. Dynamic simulation models confirm that allometric growth should yield thinning exponents different from -3/2 (Firbank and Watkinson 1985, Weller 1985, Jacob Weiner, personal communication) .
Extensions of the allometric model
Ideally, the allometric model might be tested by comparing measured thinning exponents to values predicted from the area-mass allometric exponent by Eq. 1. However, it is difficult to measure the areas occupied by plants, so direct data for the area-mass allometric relationship are rarely available. I found no published studies in which both the thinning exponent and the area-mass allometric exponent of a given population could be estimated independently. One way to overcome this limitation is to estimate indirectly the areamass allometric exponent from data that are readily available in the literature. For example, height is commonly measured, and the height-mass allometric exponent can be estimated. However, to use such estimates in testing the allometric model, one needs to know how the height-mass allometric exponent is related to the area-mass allometric exponent.
The required relationship between the height-mass and area-mass allometric exponents can be derived from basic biological principles. First, recognize that a plant can add mass in three basic ways: growing in height, expanding the area occupied, or packing more biomass within the volume already occupied. Now assume that height, area occupied, and density of biomass in occupied space (4, all vary with plant mass according to allometric power relationships h rn m8, d a m6, and R a m*, where R is the radius of the occupied area. Extensive work in forestry and ecology (e.g., Reinke 1933 , Whittaker and Woodwell 1968 , Curtis 197 1, Hutchings 1975 has verified that the relationships among plant measurements are well described by power functions. If the volume of space occupied by a plant (v) is approximately cylindrical, then v = aR2h and plant mass is m = vd = aR2hd. The equations combine to give m rn m2*mhm6, so that the allometric powers are constrained by 24 + 0 + 6 = 1.
Rearranging gives
Eq. 2 is heuristically useful for its linearity, simple geometric derivation, and clear representation of the biological compromises inherent in plant growth-allocation of resources to height growth (higher 0) or to packing more biomass in the space already occupied (higher 6) leaves fewer resources for radial expansion (lower 4). Less radial expansion means less conflict with neighbors, so a given amount of biomass can be added with less attendant mortality. This would imply a steeper (more negative) thinning exponent. Thus, the intuitive implications of Eq. 2 agree with the quantitative predictions of Eq. 1.
Eqs. 1 and 2 can now be combined to yield a linear equation relating the thinning exponent to the allometric exponents relating height and biomass per unit of occupied volume to mass. If the allometric model is true, then the area-mass allometric exponent can be calculated from a measured thinning exponent by the inverse transformation 4' = -1/(2y), where the prime in 4' emphasizes that 4 is calculated from the thinning exponent, not directly measured. Substituting into Eq. 2 yields
Eq. 3 could be used to compare measured thinning exponents to predictions calculated from measured values of the allometric exponents relating height and biomass per unit volume to mass. Unfortunately, biomass per unit volume is seldom directly measured, and I found no published studies of self-thinning populations where y, 8, and 6 could be independently estimated. This obstacle to testing the allometric model can be avoided by assuming that biomass per unit volume remains constant as a population develops (6 = 0). This assumption simplifies Eq. 3 to give a relationship among exponents calculated from the commonly reported stand measurements biomass, density, and height:
Thus, the allometric model can be tested by determining if measured thinning exponents and height-mass allometric exponents from many populations obey a hypothesized relationship (Eq. 4) predicted by the allometric model. Linear statistics can be used to test if 4' and 8 show a negative linear association, and if the slope and intercept of the linear relationship between them agree with the values predicted by Eq. 4.
However, the assumption that biomass per unit volume is constant with growth (6 = 0) requires some further discussion. The few available data indicate that biomass per unit volume can change as the average mass of a population increases (Lonsdale and Watkinson 1983) , so 6 is not necessarily 0. Because the assumption of 6 = 0 is not generally valid, we need to know how nonzero values of 6 will disrupt attempts to compare data to Eq. 4. A multiple regression analysis of the full linear model including 6 (Eq. 3) would apportion the variance among transformed thinning exponents into two categories: variance explained by the regression on 8 and 6, and unexplained variance or error. If the variable 6 is removed from the statistical model (i.e., data is fit to Eq. 4 rather than Eq. 3), then the variance among thinning exponents that could be uniquely explained by 6 will remain unexplained and will add to the error term in the regression model. Ignoring variations in 6 then reduces the explanatory power of the regression model and reduces the chances of observing a statistically significant relationship between the transformed thinning exponent and the height-mass allometric exponent. However, if the relationship between the two exponents is strong enough, it could still be detected despite the loss in resolving power incurred by ignoring variations in 6. Therefore, it is useful to proceed with fitting data to Eq. 4 as a test of the allometric model. Failure to obtain a statistically significant regression would be inconclusive; it might reflect a failure of the allometric model or the confounding effects of ignoring 6. However, statistical agreement of the data with Eq. 4 would be encouraging because the analysis ignoring 6 is a very conservative test of the allometric model. Such agreement would suggest that the relationship between the transformed thinning exponent and the height-mass allometric exponent is indeed robust.
The height-mass allometric exponent is not the only commonly measured parameter that might serve as a surrogate for the area-mass allometric exponent in testing the allometric model. For forest stands, average bole diameter at breast height (DBH) or average bole basal area (BA) can also be used to fit allometric relationships. However, these bole measurements are less sensitive to trade-offs between radial or height growth because bole size must increase to support any additional mass, regardless of the direction of growth.
Therefore, the exponents of the m -m or BA-m allometric equations will not necessarily obey simple equations of mutual constraint with the area-mass allometric exponent 4 nor correlate strongly with it. Interpretation of the allometric relationship between average height and average DBH (I? rn DBH") is similarly confounded; but because h is a measure of vertical growth, some aspects of the +A relationship can be deduced. If individuals grow only radially, Eq. 4 gives 4 = 0.5 and 8 = 0, so A will be zero since height is constant. If growth is both radial and upward, Eq. 4 gives 4 < 0.5, and A must be positive because DBH increases to support added mass. The expected +A relationship would pass through the point (A,@) = (0,0.5), and 4 and A would be negatively correlated. Since basal area is proportional to DBH" the same expectations apply to the relationship between 4 and +, the exponent in = m+, and + should equal 2A. The predicted relationships of 4 to A and + should again apply to the transformed thinning exponent 4' (through Eq. 1) if the allometric model is valid.
In summary, the extensions of the allometric model suggest several testable hypotheses. The transformed thinning exponent should be negatively correlated with three measures of the way plants change shape with growth: the average height-average mass allometric ex- ponent, the average height-average DBH allometric exponent, and the average height-average BA allometric exponent. The linear relationship of the transformed thinning exponent to the average height-average mass allometric exponent is further specified to have a slope of -0.5 and an intercept of 0.5. The slopes of lines relating the transformed thinning exponent to the average height-average DBH and average heightaverage BA allometric exponents are not specified, but the intercepts of both lines should be near 0.5. The slope of the line relating the transformed thinning exponent to the average height-average BA allometry should be approximately twice the slope of the line relating the transformed thinning exponent to the average height-average DBH allometry. These predictions have a clear biological interpretation: plants can be more massive at a given density and can grow with less attendant mortality (i.e., have a steeper, more negative thinning exponent) if they allocate more resources to height growth than to radial growth. The derivations presented here provide quantitative mathematical relationships to test this intuition.
I tested the predictions of the allometric model with self-thinning and allometric exponents estimated from published studies of experimental and natural populations and from forestry yield tables (see Appendix). Thinning exponents were estimated as the principal axis (Jolicoeur and Heusner 197 1, Jolicoeur 1973 , Mohler et al. 1978 ) of logarithmically transformed measurements o f B (stand biomass in grams per square metre) and N (in plants per square metre), which yields the exponent p in B = KN? (Weller 1985 (Weller , 1987 Since Ir? = B/N by definition, y is calculated from P by y = p -1. Log f i was not directly related to log N because of the statistical and interpretive problems associated with that analysis (Westoby and Brown 1980 , Westoby 1984 , Weller 1985 , 1987 . Where dimensional measurements were available for the stands used to estimate thinning exponents, the log-log principal axis method was used to fit allometric relationships relating average height (in metres) to average mass (in grams), average height to average DBH (in metres), and average height to average BA (in square metres per tree). In fitting thinning and allometric exponents, only data from stands that fell along a linear thinning trajectory in a log B-log N plot were included. See Weller (1985 Weller ( , 1987 for further details on the sources and analyses of these data.
Data sets from experimental or natural populations that did not show a significant ( P 5 .05) negative linear association between log B and log N were removed from consideration as possible self-thinning relationships and omitted from all further analyses. Similarly, allometric exponents from relationships that were not statistically significant (P 5 .05) were discarded.
Unfortunately, these statistical tests could not be used to screen the information from forestry yield tables. Yield tables are predictions (model output) from regression or regression-like models, not data, and cannot be subjected to the same statistical tests that would be applied to data. The biological variability and measurement errors in the original forestry data are absent in a yield table, so statistical inferences drawn from a single thinning or allometric relationship fitted to such information would be meaningless (Weller 1985 (Weller , 1987 . Despite this limitation, it is still useful to review yield table information because the tables are distilled from vast amounts of data that are not readily available in original form and because evidence from yield tables has been important in establishing the self-thinning rule (White 1980, 198 1) . Furthermore, a large sample of thinning or allometric exponents from many different yield tables can be examined to look at the ranges of variability in these exponents or to test statistically for relationships between thinning and allometric exponents. Such comparisons are legitimate because they rely on model output from many different yield table models parameterized for different sets of real data. Therefore, the variability among exponents from different yield tables is preserved, even though the variability among stands within a given yield table is lost in preparing the yield table. All the yield tables used here claimed to predict the course of growth and mortality in crowded even-aged forests, and all predicted that increasing yields would be accompanied by mortality (i.e., self-thinning). However, my results for yield table information are presented separately from results for experimental and natural populations because of the different levels of statistical testing possible.
The fitted thinning exponents were not all close to the idealized value y = -3/2 ( Table 1 ). The reasons why important deviations from y = -3/2 have long been overlooked are reported and interpreted elsewhere (Weller 1985 (Weller , 1987 . The central question here is: Does the transformed thinning exponent $' show the predicted systematic relationships with the allometric exponents I!?, X, and $? Among the forestry yield tables, all three predicted negative correlations were present and significant (P 5 .05), as were two of three correlations among the experimental and natural populations (Table 2, Fig. 1 ). The failure of the average height-average DBH allometric exponent X to correlate significantly with $' in the experimental and natural data is inconclusive because of the small sample size (n = 6). The regression equation relating the transformed thinning exponent $' to the average heightaverage mass allometric exponent I!? in experimental and natural data does not differ significantly from the predicted form of Eq. 4 in either slope or intercept. For the same relationship among the forestry yield tables, the difference between the regression intercept of 0.45 and the expected 0.5 was statistically significant, but numerically small.
Among the experimental and natural populations, The results verify the predictions of the allometric model, and thus support the geometric factors embodied in that model as explanations of the thinning relationship. However, the best regression relating the thinning exponent to an allometric exponent explained only 50% of the variation among thinning exponents. In addition to the routine problems of measurement errors and biological variability, four sources of error particular to the analyses of Table 2 added to the uncertainties: errors from inappropriate choices of data points for estimating the thinning exponent (Mohler et al. 1978 , Westoby 1984 , Weller 1985 , 1987 , major differences in the criteria for counting plants and measuring biomass or stand height among the studies from which the data were taken, and errors from incorrectly assuming that the density of biomass per unit of occupied volume (d) is constant. As explained previously, this assumption is not generally true, but provides a way to test the allometric model despite the lack of data to define the relationship of d to plant size for any of the populations considered here. This assumption reduces the explanatory power of the regressions, so that the significant relationships seen here had to be robust to remain detectable.
There are several reasons why I found evidence supporting the allometric model while previous studies (Westoby 1976 , Mohler et al. 1978 have not. My analysis showed that thinning exponents vary from y = -3/2, so I looked for relationships between thinning exponents and allometric powers, rather than for mechanisms by which y would always be -3/2 in spite ofgeometric differences among plants. I had more data to test the hypothesis because I analyzed the models to predict the relationship of the thinning exponent with allometric exponents fit to frequently measured plant dimensions. Others (Mohler et al. 1978, White 198 1) had fewer data because they tried to relate the thinning exponent y directly to crown area, which is difficult to measure and infrequently reported. There are such large variations around the regressions of the thinning exponent against an allometric exponent (Fig.  1 ) that small samples would be useless in detecting the trends.
My method of estimating allometric exponents also increased the chances of detecting relationships between plant allometry and the thinning exponent. I fit allometric exponents to aggregate stand measurements, such as average mass or average height, as reported for the same stands from which biomass and density data were used to fit the thinning exponents. The resulting allometric exponents directly measure the dynamics of shape change with stand growth. Typical allometric exponents relate two variables measured for a sample of individuals (Hutchings 1975 , Mohler et al. 1978 ) so the allometric equation more directly describes the static size structure within that sample. The whole-stand approach gives allometric exponents more commensurate with thinning exponents, because thinning is also a dynamic, whole-stand process, not a static relationship among individuals. My method also permits allometric exponents to be estimated from the same stands of plants used to estimate the thinning exponent y, rather than from small subsamples of individuals (Mohler et al. 1978) or from different sources (White 1981) . It is crucial to estimate the thinning and allometric exponents from the same stands because allometric relationships (Hutchings 1975 ) and thinning exponents (Weller 1985 (Weller , 1987 can vary among populations with site, time, and environmental factors.
Controlled experiments with plants of contrasting patterns of allometric growth will be required to verify completely the causal link implied by the correlations in Table 2 . The significant proportion of unexplained variance in the regression models admits the possibility that other factors may also affect the thinning exponent, such as the physiological parameters considered in recent models (Pickard 1983 , Perry 1984 . Also, meaningful experiments will need to consider many populations, since the relationships of Fig. 1 could not be detected from just a few data points.
Weller (1 985, 1987) presented several lines of evidence to show that the exponent of the self-thinning equation was not always near the idealized value of -3/2. The deviations of thinning exponents from -3/2 are now shown to be systematically related to differences in plant allometric exponents. These systematic relationships confirm that the observed deviations from -3/2 are real, not errors or artifacts. More happily, the present results put those deviations in a more positive light. Although the recognition of important departures of the thinning exponent from -3/2 dissipates the strength of the self-thinning rule (White 198 1, Westoby 1984) and forces a re-evaluation of its scientific importance (Weller 1985 , 1987 , Zeide 1985 , the relationship of the thinning exponent to allometric exponents helps to explain the self-thinning relationship and to suggest directions for further research. Even though thinning exponents vary according to plant geometry, the self-thinning equation may continue to be a concise and useful representation of competition within evenaged populations. 
